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R’LOW 119 SMOOTH S&LAIGHT PIh-9 AT VEiOOIT~E&”ABOVE

AND BELOW SOUND VELOCITY*

By U. I’r;ssel

To investigate the laws of flow of compressible flu-
Ide iq pipes, teete were carried out with air flowing at
velocities below and above that of sound in straight smooth
pipes. The transition from supersonic to subsonic veloc-
it~ is particularly noteworthy.

The laws of flow in smooth pipes have been thoroughly
Investigated with regard to flow resistance and velocity
distribution for incompres~ible fluids (reference 1).
These lams are applicable to liquids and gases, provided
the difference in density set up may be neglected. For
air this will generally be the case for velocities up to
50 m/s (100 mi./hr.).

The objoct of the tests described below is the inves-
tigation of the laws of pipe flow in the case of compres-
sible fluids and comparison with the laws for the lncom-
preosiblo case. Air was chosen as the flow medium. In
order that the effect of the compressibility may be brought
out most effectively, the velocity should lle between 100
and 500 m/s (200 and 1,000 mi./hr.); that is, be of the
order of magnitude of the velocity of sound In the air.
The best series of tests that have so far been recorded In
tho ll”tera,ture on tho subject are those described by G.
Zennor (reference 2), who has also carefully developed the
theory of the ph~nom~non for velocities below that of
sound.

The computational treatment of thie type of flow be-
longs to the field of application of the ‘lDynamics of

—..—

*“Str~mung In glatten, geraden Rohren mlt ~bor- und UQ-
terschallgeschvindlgkolt .n Forschung auf dem Gebiete
dos In&oti’iourweson8, March-April 193E, pp. 75-84.—

Tests carried out at tho Kaiser-Wilhelm Institute for
Flow Invostigatlon.

I take this opport~ity to express my sincere thaqks to
Dr. L. Prandtl, who hns kindly entrusted me with
this work and hae rondorod valuahlo assistance.
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Gases 11where, tn addition to the velocity w (m s) and tihe
(presf3ure P (kg/m*), the density p = y/g (kg s /m4) -d .

the temperature T (°K) aro also variabls. The computa-
tions can bo carried out without un”due difficulty only un-
der definite assqmpticms.. The most important assumption
Is that the energy of the gas remains conktant during the
flow process - i.e., that no hoat be added or conducted
away. It is therefore nocessady” that the flow channel be
well heat insulated. The tests brought out tho fact that
as a result of friction, the gas temperature in the neigh-
borhood of the mall acquires approximatel~ tho temperature

. of tho outside air, so that no heat. exchange takes place
through tho pipo wall...

The sottlng up of a velocity abovo that of sound in
cylindrical pipes is made possible oply through the c.ppli-

-cation of specinl means. (See section 12.) An Important
part is hero nlso played by tho IIcompression shock!! {or
shock rave) rhlch converts the supersonic into a subsonic
Velocity.

I. TESTS

1. Teats set up.- Tho test. set up (fig. “1) consists of
two vacuum tanks ?a. with a total volume of 20 ms, a gasom-
eter or gas reservoir ..b---of 25 n13 capacity, a vacuum pump,
c , (380 ms/hr. , 10 hp.), an air-drying apparatus d, filled
with calcium chloride, a .uiclc-closirig cock e, (described

!by lTikuradse (reference 3 ) with corresponding accessories,
and the test portion f. . “

The test procedure is divided into a preliminary part
and the test proper. In the preliminary portion of the .

“ test the vacuum pump c sucks the air out of the vacuum
tanks a and delivers it through the drying apparatus d
to the gasometer b, in which the air is at approximately
atmoaphorlc pressure. During this process the shut-off
“membbr e between the test section and the vacuum tamks
iS closod. Tho portion of the tests in which measurements
are mede, starts with the opening of the shut-off member
0. As a result of the abovo atmospheric pressure, the air
stroc.ms through the “test length into the vacuum” tanks a
and gradually fills them. .On account of the presence of
tho velocity of souhd in a portion of the test length, tho
condition of the flow in f remains st”rigtly” constant un-
til m certain prossuro Is attained In the va’cuum tanks
!Cho duration of tho flow hs “compared with .thaA of tho usual

..
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wind.tunnel is thoref~ro llmitod, depending chiefly on the
Ga~aCity of tho tanks and on tho minimum flow cross EIoo- -..

“:f’l~ri.-%h~ tio~t ihtorpals mro:of tho-.otior Of magllitu@.
of 10 to 100 soeonds. On aocount of those. short test in-
torvala, It Is nocossary that the oponing timeta of the
shuti~off member e ho very small (about 0..2 to 0.1 SOO.).
If tho cqnstmt flow in tho test portion f discontinues
beforo tho test hae boon brought to an end; th6 raeuum
tanks may again be omptiod, with the shut-off cook olosed
and tho test repeated in tho same manner. The smme flow
conditions aro again established if the Initial flow oon-
dition (prossuro and temperature at the inlet to the test
soctton) roma,ins as beforo. Here Ie whoro the great ad-
vantngo of working with a set-up at bolom atmospherlo
pressuro as comparod with ono mt above atmospheric pros-
suro occurs, namely, that In the first case the iqltinl
skato - being that of tho atmosphere - is constant for
several succeeding tests, whoroas in the second caso tho
initial stato varlos ovon during a singlo test and must con-
stantly ‘DO obsorved. Sinco tho moisturo oontalned in nor- “
mnl air froozes nt tho low tomporo.turos of the air stream
and would gfve riso to disturbo,noee, It Is necessary that
the air be dried.

2. Test uortion.- The test portion f consists of CL
simple, smooth cylindrlcnl pipe with nozzles placed at
oithor end. At oertain Intervals along the.pipe, static .
preosuro orifices nro locatod at ~hlch tho pressuro is
trcnsmittod through tubes to tho mnnomotors. It is neces-
sary to distinguish threo kinds of pipe arrangomonts:

uLx!QocltioEl l)olow tm of som~~.lg~ )# The
pipe receives a moll-roundod inlet of tho eamo size as the
Inner pipo dlamotor. At tho ond of tho pipo is copnectod
a veloclty-measuring apparatus g with a dynamic prossuro
tube displaeoablo in throo diroetions. Tho tip of the tvbo
pro~ects 2 mm into tho test piu9, in whtoh Is mlso oon-
talnod a static-pressure orifloo in tho plpo wall. Behind
this apparatus there is a no=zle whose minimum cross sec-
tion Is smaller than that of the pipe .seetion, so that the
flow veloolty in the test portion settles down to a defi-
nite value. To each velocity of flow there oorreeponds a
definite ,nozql,e.

..

>) For v~ Qcities above that of sound ( Wz.dLl: “In
this aase the nosz~e 1S placed ahead of the pipe eritrance.
The minimum oross seotion of the nozzle is again smaller
than that of the pipe seotion and in this case also regu-

1

—.— — —. — .-—- — - - — --— —— . . —
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lates the ~elocity of the flow in the test portion.. The
velocity distribution is again measu+ed b# a d~namlc pres-
sure tube at the end of the pipe.

c) For the Veloc~~ of sound (fiE. 4): The ptpe re-
ceives a well-rounded Inlet at the entrance and at the
outlet a nozzle whose minimum cross section Is larger than
that of the pipe cross section, so that the pipe offers
the only approciahle resistance and the velocity of flow
in the test section is self-regulating. In this case
thero is also ono flow condition characterized by the fact
that at the end cress “section of the pipe the mean veloc-
ity of the flow Is equal to that corresponding to the ve-
locity of sound at the local gzs state.

3. PraQ~o mess uromen$.- To measure the pressures,
simple U manometers of glass wore employed, set up on a
stand next to one another. One leg of a U tube communi-
cated through a tube connection with a corresponding meas-
uring station at the pipe, the othor communicating with
the atmosphere, so that tho difference bctwe-en atmospheric
pressuro and” the pressuro to be monsured was indicated.
The real (nbsolute) pressure is tho sum of tho pressure
difforonco reed off and tho barometer pressure. The manom-
otor tubes vero flllod with mercury. On account of the
small duration of the tests, the readings were obtained by
using indices that mere easily displaceable on the glass
tubes and rea,? off on a scale only at the completion of
the test.

4, Measurement of the digchargg.- The quantity flow-———
ing through per second G (k /s) was computed from the
displacement velocity 7cG (m s), the section FG (ma) of

the bell of the gasometer b and the specific weight Y~

~~~~m!~ ‘f ‘he air In the bell, according to the equa-
= FG CG yG. The bell cross section was found to

be 10.74 m=. The velocity at the bell could” be observed - “
with the aid of a make-and-breck device and a stop watch
at the test stand. The specific weight yG of the air

was computed from the gas equation, taking into account
the temperature TG (°K) of the air, and the pressure pk

(kg/ma) in the bell. The temperature of the air in the
bell could not be determined with the ordinary mercury
thermometer on account of the poor accessibility. More-
over, the large inertia of such a thermometer would not
permit an accurate indication of .tho temperature in
the short test interval available. There was there-
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foro measured. the change In the el~ctri.oal resistance of a
.Elathum wire and this change cpnvertd? Into temperature

. readlnga %y.”a:>rd..vioua‘c&Llhr&tloaC .Tor the req~gt,anpe, a
plaiinum wire o# 0..1 ma diameter and 3.76 m long, and hav-
ing a resistance of about 50 ohms, pas used, the mire being
wound on an intiulating framd which was .alqo a po”or heat ,con-
ductor. ~~ frame tiae mouqted in t~e do~zkake tubo of.the
gasometer (fig. .1), .SO that the ilr flo,wing out from the
gasometer stretimed paqt It. As a result of the good aon~
taat of the air With tlie~.wireand the small epeoifio heat
of the wire, t~o temperature was soon brought td ~ steady
value. A d vice inside the hell provide’d for a good mixing

d
of the air, efoie the. test so that its tempeqatura .wms suf-
ficlontly Iform. . Tho resistan~e of the platinum wire was .
measured with a Whetstone bridge whose range made possible
tho measurement of a temperature difference.of 40°. One
degree temportiture difference eorrespo~ded on the scale to
about 1 cm length, so that the accuracy In reading, using
a very sensitive galvanometers (one division = 0,00001 V),
was to about O.1° and was quite sufficient for.computations
with absolute temperatures.

\
5. Te~t “Procedure.- The tests proper were pr”eceded by

a number of preliminary tests. The ob~ect of the latter
was chiefly to Investigate the effeet produced on the flow
by the insertton of the stem of the pitot tube. It turned
out that at voloclties below that of sound, an appreciable
disturbance in the flow occurred., whereas at velocities
above that of sound no disturbance was observed. Sinco ev-
ery disturbance IS propagated with the spebd of sound, It
was poqsible for the disturbance to travel upstream In the
first caoe,. while in the second case it was driven down-
str?amg The disturbance was eliminated”by providing the
pltot tube with a fixed covering and moving the tube ver-
tically only (fig. 5). The covering..of oourse. produoed a
certain throttling of the stream - which throttling, how-
ever, was congtant for ea~ position of the tube and letl
only to an increase in the norgal desirable throttling
through the presence of the nozzles.

With velocities below that of sound.the pipe could be
of arbitrary length. !l!heeffeot sho~s up only in the low-
ering of the quantity discharged as a result bf.the lh-
cr-e’hbeinl the wall ‘friotion-for equal. drop In.pres6ure.
Velocities above that of SOUILd, however, could only occur
for deflpite pipe lengihs,.. In this qasq. the wall friction
has a slowing-down effect on the air velocity leading to a
pressure rise. If the.wall frlotioz.is too great! I.e..

1.
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the pipe too ldng, there is a great deceleration of the “
flow and hence a great pressure rise which, beyond a cer-
tain limi”tlng length, ends up in a compression shock.
The latter converts all supersonic velocities irito sub-
sonic velocities and may occur at any position in the “
pipe, depending on the total wall friction. As the fric-
tion increases the compression shock trawls upstream
until the entrance of the pipe Is reached, so that beyond
a certain pipe length no supersonic flow is any longer” . “9

-/ possible. The result maybe obtained if throttling Is
substituted for the friotion. With supersonic ~elooitlos,
care is to ho particularly taken that the nozzle at the
pipo entrance is well shaped, since it produces an addi-
tional harmful frictional resistance which increases as
the length of the nozzle increases. In order to reduce .
this “frictional resistance the nozzle should be kept as
short as possible. In this connection there 1s, however,
to be considered the fact, charactoristio of supersonic
flow, that too sudden divergences In the stream givo rise
to periodic fluctuations (waves) whloh strongly affect
the pressuroq measured at the wall. In order to prevent
the occurrence o~ these waves tho dlvorgence must; increase
gradually: I.e., the nozzle must bo long. Both effects
thorofore opposo each other. Only by special tests is it
possiblo to dotermino the most suitable form of nozzle
having the least offoct on the flow.

11. EVALUA!l!ION 011 THE TEST RESULTS
.

1. Gono r~~.- Tho moasuremonts woro carried out on
four plpos with dlametors d = 10, 20, 25, and 30 mm,
Tho length Z of tho pipo was each time so choson that
tho following I/d ratios Tore obtainod. .

a) At volocitles below that of sound: I/d = 360,
324, 288, 252, 216, 180, 144, 108, 72, 54, 36, 18, 12, 6,
3, and 0.32.

h) .At velocities abovo that of sound: I/a = 30, 26,
16, and 12. !Cho pipQs wero provided with manoqoter con-
nections In figure 2, x denotes tho distance measured
from any orifioo position to the pipo entrance.

,The following measuromonts woro taken on all tho pipes:
.

.,. 1; Prossuro drop or riso along the pipo measured at
the pressuro oriflcos.
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“ 2. Quantity of ~lr flowing through .per seodnd meas-
ured from the displa,qqmenk velocity at the gasometer bells
thti-’ai~teniperitiide’and the pressure in-’bhe -bell.

3. Air ternparature just “a&ead of tho entranoe- to the
test p$pe measured with a mercury. thermometer.

4. Initial pro~sure (barometor.readin ““+
7

the” pres-
suro a~ovo or bolo+w atmospheric in the bell .

#“

..

Moisture of the, air measured with a psychrometer
just %ead of the entr~ce to the test p~pe in order to ‘
test t~e efflclenoy of the drying apparatus.

6. Velocity distribution over the pipe cross section.
Theso -measurements mere carried out only for the pipes of
25 mm diameter.

2. Relation b~tweon nipe lengt~ pressure . and rate o<
dls~~~g~.- From tho pre~~res p along the pipe, and the
initial pressure pk (barQmeter reading + pressure in
bell) tho ratio p/pk w~~+ formed, and s’lmilarly, tho ratio

G/f = ~ from the qun~%~%y flowing through por second .G.
and the corresponding cross-sectional area f, and the
ratio X/d from tho distanoe x of any firifioe to the
pipe. ontranco nmd the inner diameter d of tho pipO. Tho
values of ~ were made nondimensional by dividing by
Vcrlt, whose moaning mill be furthor explained below (equa-

tfon 2b). Plotting p/pk against x/d, the curves of fig-

ure 6 are obtalnod for volocltios below that of sound. It
will Be seen that the curv~s drop sIowly at first, thqn
more rapidly. Each curvo corresponds to a value of the
ratio $/9~rit pro”poqtional to the rate of discharge. !Che

lowor ends of mll tho curves are joinod by a dotted line
which tends. to approach p/pk = O as x/d approaches ln-

fiIlitym This curvo givos tho limiting value of tho pros-
suro ratio p/pk for given lengths %/d and cl.early

shows that the inore~se in the pressure drop for incroms-
ing pipo length is very considorablo for short pipes,.
whereas for long pi.pos thoro iS only a small increaso~
~or’example , fir an,.increase- In..length from. -x/d = O to
185, the pressure difference p/pk “ 11ss between 0.527

and 0.277; that 1s, a difference of 0.25. The same differ-
ence Is also obtained for x/d = 270 to infinity, in which
case p/pk lIOS between 0.25 and O.
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For” velocities above that of sound the curies rice
slowly at first, some of them showing a sudden pressure .

!

rise, after wh~ch they again drdp in “the “same manner as
the curves of figure 6. Figure 7 shows the curves for the
pipe of 25 mm diameter. The sudden pressure rise indi-
cates a compression shock mhioh arises only in the case of
velocities above that of sound if the quantity flowing.,. through for a given pipe length, or conversely, the pipe
length for aagiven quantity flowing through hecomos too “
largo ● For this given rate of discharge the pipe, there-
fore, has too much throttling, so that in the upstream
portion of the pipe, only subsonfc velocities can occur.
Here, -too, each curve Is marked by the corresponding val-

,

Both se’ts of curves were employed to plot p/pk “
against “$/$crit, whore x/d now appears as the parame-

ter (fig. 8). To plot the~e curves, the values of p/pk

for definite values of xl (1 at constant ~l~cr~t wore- ,

taken from figur~ 6 and 7? Vertical sets of points were
thus obtainod (fig. 8), representing the pressure yaria-
tion along a definite pipe. The numbers above the curves
give the corresponding diameters of the pipes for which
the series of points was obtained and show that the a%so-
lute measure of the diameters.has no effect on the trend
of the curves but only the ratio %/d or x/d. Each se-
ries of points r.lso shows clearly that the various pipe
diameters give the same values for equal -ratios
I/d.

x~d or
All symbols of tho same kind denote equal ratios of

X/a or I/a, and are joiried to one another by curves.
For all series of.points which do not extend to the dotted
line, throttling was obtalnod by placing nozzles behind
the pipe (fig. 2). Those points also show good agreement
with tho othor~ and It mny be seen that throttling is
oqulvalont to the frictional resistance of a given increase
in pipo length. In order to determine the pipe-length in-
creaso corresponding to tho throttling, it Is only neces-
sary to obtain from figure 9 the total pipQ length for the
corresponding valuo of ‘J/$crit ~ which in this case bo-

comf3s ‘max/$c2tt B and form tho difforenco. Figure 9 was

obt~inod by taking from figure 6 the maximum quantities
flowing through for onch gtvon length of plpo I/d. Tho
continuous curve corresponds to the empirical relation:.

(1)
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3’igUve 8 ehawe clearly the relatlons hetweeq the val-
ues ‘ ~/d-. P/_Pk,” “-and@/@crit’ which are all interconnect-.----...- .
ed for any pipe diameter; I.e., to a given value of X/d

and .‘/ecrit there correaponde a deffnlte ratio P/Pk

.“tifiticonversely. The entire serlee of curves, which includee
all flow conditions in smooth, straight pipes, eplite up
into two setsl a downward eloping set of curves for the ve-
locities below that of sound, and an upward sloping set of .
curves for the velocities above that of sound. The bound-
“ary between the two sets is represented by a dotted straight
line which extends from the origin to the critiaal p?int, .+
the nlgnifioance of the latter being explained below. The
curve denoted by xjd = 0, which envelops the entire se=
rlod, givds the theoretical disoharge rate for a.plpo-
length zero (zero friction) and a given proesuro-”ratio
p/pk- Ii’orthis curve, tho rolatlon

,.

* w/v :(i$
thoor =

(2)

holds true whore V (m3/kg) ie the spoelflc volume. ‘Tho
Velocity w for the caso of the adia”mtio procese whlc~
is here a~sumed p VK = p~ v% is “.

and substituting In equation (2), there is obtained ~

.

The thoorotioally maximum discharge rate Ie obtained bY
cubstitutlng the critichl pressure ratio

; = (+)’’’’-l) .
K... .-.

,-

17e then have:

(4)

...
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thus given by

~theor =

/,

~ .(:)’” - @K+d/K

$ ( )’(K-1 K+l)/(K-lJ-
(5)

crit 2a
-( )(

2
m ~

and also contains the critical point which gives the maxi-
mum theoretically possible discharge through a cylindrical
pipe. For K = 1.405, the values have been collected and
are given in table I. .

/
TADLE I. $theor ~crit as Function of p/pk

According to Equation (5)

p/pk

1.00
● 99
.98
.97
.96
● 95
.94
.92
.90
.88
.86

.
● 04
.82
.80
.76
.728
.68
.64

0;0000
,1960
.2880
.3540
.4155
.4490
.4880
.5570
.6150
.6700
.7150
,7545
.7890
.8170
.8750
.0160
.9530
.9745

p/pk

0.60
.56
.527
.50
.45
.40
,35
.30
.25
,20
.15
.10
.08
.06
● 04
.02
.01
.005

$theor]qcrit

0.9820 .
.9995

1.0000
.9950
.9860
.9650
.9340
8820

:8180
.7410
.6470
.5210
.4580
.3880
● 3040
.1918
.1245
● 0783

The subsonic region thus consists “of the curves slopi-
ng downward from, left to right, limited above by half of
the theoretical curve, and below by the dotted straight
line. All curves start at the point p/pk = 1 and

9/$crit = 0.’ As the length xi d increases, the curves

become steeper and the values ‘/vcrit smaller. The lat-

ter approach the limiting value zero as the length ap-
proaches infinity.

.
I
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The dotted straigh% line renults from the oonsidera-
tlon that the.mean yelocl,t~.+at the end section of the pipe
Is equal to the veloolty of sound in case’-the pipe “forms.-

.

the only” resistance. ,TQIs may be shown by the following
reasoning. The gae fl’ows through a cyllndrtoal pipe and
suffers a pressure drOp. Thig results first in an in-
crease In velocity, according to equation (3), and second
In a lowerlng of the density: ‘both effects depend on the.
pre~suro. According to equation (2), however; there Is
obtained from the density and velocity, tho discharge. V.;
which has the same value over tho entire pipe longQz%n
account of the constant cross section, so that both mag- s
nitui!os aro interconnected. BO1OW the velocity of sound,
at &oro frlctton and with pressure drop, the velocity ln-
crorbsoe !aoro rapidly thm tho density decreases so that
the quantity that h.ae cntored with friction, oan flow
through etch cross section along the pipo with additional
pressure drop. Abovo tho velocity of sound, hotrover, mith-
out friction and with docroase In prossuro, the density
docro~oos faster than tlie velocity increases. Without a
rlso in prossuro tho mass of air cannot thereforo flow
along the pipe through “ovory section. A riso in pressuro
In tho cylindrical pipo iS possible, howe’vor, only with a
provlous prossuro drop obtaino~ through nozzles at tho
plpo ontrcnce. Since this is not tho case with the pipo

arrcagoment hero employed, this condition and hence tho
supor~onic flow, IS not possiblo. Tho limit lICS exactly
at tho voloclty of eound a, so that this condition may
still ho roachod and IS ostabliohod at tho end section of n
cylindrlcnl~ pipe. /’ -,

For tho gnd section, we therefore have the relatton:

whero me,nn vmlues. are Indicated by strok-es above the let-
terg. From the above fs Qbtained the equation ~/Tk =

2/(lC+l) with the equation of staie:

2_~=_
b ~+yph.~k . ~. .... ,.‘. , ..

. . (7)

,.

Substituting.iniequ~t~on (2) for W, the velocity of-sound
according to equation (6) and squaring, there IS obtained:

-- .— . .— —.— -— —,
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. Wa= Kg+ “

From (7) and (8), thoro is finally obtainod:

()Pa .$Q ~ . 2—
P~ pk gK (K+l)

(8)

(9)

Tho right sido of (9) togothor with equation (2) gives the
dottod straight line:

.

For K = 1.405, thoro is obtainod Fl~ = 0.527 ~/~crlt,

and for $/Q~rit = 1. I.e., for the velocity of sound in

tho short nozzlo (without friction), P/Pk = 0.527.

In tho nbovo relation it is assumed that the velocity
distribution in tho opd section of tho plpo is roctangulm?,
i.e., that the voloclty is equal to tho sound velocity ovor
tho ontlro cross section. Actually, howevor, a different
velocity distribution exists, resultlng in a change in the
slope of tho line. Tho latter is shown as tho continuous
Iino in figure 8. For this line, according to the moasurod
values of ~/$crit = O to 0.855 thoro holds tho relation:

L=+ ().911 4
z 8/(’-1)

[( )

z (K+l)/(K-i)

-l— ()
.—

‘k crit lta ‘+1 ‘+1 1
(11)

Tho now lino meets the theoretical straight line at
b?th cnd points, and hence must have a short curvature at
some point. This pofnt lies approximately at ‘/$crlt =

O. 855 and corresponds approximately to the value
36.

x/d =
This means that below ti/@crit = 0.855 and above

x/d = 36, the velocity distribution does not change with
increasing pipe length. Above @/@crlt = 0.855 and below

x/d = 36 the velocity distribution with decreasing pipe
length gradually approaches the rectangular distribution”
that iS, approaches the assumption made for equation (lO\,
so that the continuous line also approaches more closely



..

N. A. O.A. Technicml Memorandum No. 844 13

the t~oorotical straight line and nloets it mt the oritical
po iat.. This result is confirmod in figure 11, “according
to which, b~ond tho vtiluo.’X/d “= 36, ‘all velocit? .dis~ri-
butions coincide.

B’rornequations .(1) and (11) the pressure ratio for
the maximuh dlecharge for given lengths of pipe may also
be computed. For K = 1.405, this ratio is:

.- . —.

Ph?k -%:>801” X .0.916
L

{(t/lo d)o””’g}
.“-. ---

(12)

!l!horegion for velocities ahovo that.of sound is lim- i
ited abovo by the boundary lino Just descrlbod, and below
by the second h~.lf of the enveloping line. All measured
values havo r.gain been plottod in figuro 8 as vertical ~e-
rioo cf points, symbols of the samo kind denoting equal
pipe lengths i~a r.nd holng joined togothor by curvoa.
Tho nunbcra indfcat~d on tho figuro give the corresponding
lengths of plpc. It Eay bc soon that the supersonic re-
gion is much smn.ller than the subsonic region and is al-
ready practically filled out at the spaller pipe lengths
since measurements on greater pipe lengths are made i!iffi-
cult by tho very small prosaures encountered. Although
the two regions approach each other closoly at the bound-
ary,.no gradual transition betw.ren tho two sets of curves
is to he expected. On the contrary, the transition occurs
discontinuously through a compression shock.

All pipe-flow conditions for smooth, straight pipes
are thus completely represented by the diagram and any
other flow may be determined from it. For exanFle, for s.
ratio */@cr~t = 0.5 attained In any cylindrical pipe, a

vertical line A-A IS dra’:n through the curves of figure
8. It m-y be seen that ug to a pipe length of about L/d =
20, flo~ is possi%le with velocities above and below that
of sound but with the difference that the pressure ratio
p/pk at the supersonlo v-elocity must be smaller than at -

the–su%sonlc velocity. The gas (in a nozzle) must there-
fore expand to a much greater extent, w~ereby the high ve-
locity is attained. At the same time the density and tem-
perature drop very sharply. ~~th greater pipe lengths, a
compression shock occurs in the case of the supersonic -
flor?m These flow relations are possible for all pipes “
with the intersected values of x/d,
taken as

which are then to be
X/d. The corresponding pressure drop p/pk is

. ... — .. .-— - --- , .
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different for each length J/d and may be read off at the
corresponding point of intersection with A-A. gho pres-
sure drop along tho pipe may also be determined on the
lino A-A from the values of X1 d below tho pipe length.
Tho maximum pipo length for v/Vcrit = 0.5 is L/d = 280.

For all groator lengths the air doos not flow through.
This means thnt to each pipo length thoro corresponds a
maximum discharge quantity, and the latter may he obtainod “
from tho curvo already montloned (fig. 9).

?)L Lrw of resist~~~.- In order to be able to make com-
paris~ns with the friction tests carried out with water
(reference 3), the friction values were here also computed
fron the pressure drops nlong the pipe. All magnitudes
are average values. The reoisto,nce coefficient A is de-
fined in the reference cited as

A = (d/m) (- dp/dx)r (13)

whero d is the pipe dfnmetor, ~ the mean clynamlc pres-
suro, (dp/dx)r tho pressure drop along tho pipe due to

the nail friction. Tho total pressure drop in our case
consists of two parts:

1. Pressure drop through acceleration of the gases
at velocities below that of sound, or pressure rise through
docoleration of the gases at velocities above that of sound,

Pressure drop through friction at tho wall
(dp/d~!r. We thus have:

(14)

added nor conductod away, i? ‘may be determined from the
onorgy equation and tho e.quatlon of continuity:

#
K ( f~= -77

K-1 ‘kvk-pG )
(15)

Substituting G/f = ~ and pk vk = R Tk, there is obtained

.

2g K
t= ~ RTk+ GY-E%H (16)
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~or am~ll velocities this mode of oommltatlon is too inao-
. ouzate... Set,tlng -for briefness:...- . .

a=&’” b = ‘fiG=‘Iq
there Is obtained from equation

. .
,. ..

and” C = - E Tk = M Pk Vk

(15 ) a quadratlo equation
whose roots are developed into a binomial series.
lution Is then obtained as

~4
we.~

b
- $ a - 2.$ aa - 5 ~ a= ...

b

~k - (R@a 1 + (I@s 2

= PI* TPm 2%~/ (~-l) (p/111)5[2gK/ (K-1 )]s -

(RTk)4_ 5--
(P/w)7 Eq%~/ (K-1)]3

The ao-

(17)

*

Sinoe d/~ = 2gd/~w s there is etill needed for computing
A the value of (dp/dx)r, and the latter from equation

(14) may be obtained as

(dp/d=)r = dp/dx. - (dp/dx)b = dp/dx + F ii dW/dx (18)

where dF/ dx Is fo”und by differentiating ”the curves of p
against x. Since these curves have in general a strong
ourvature (ace fig. 6), the differentiatldn requires a
certain amount of oare if large errors are to be avoided,

By differentiating tho energy equation #3/2 =

~ ~pk/pk “ P/P). and the continuity equation ~ ~ =

const. , there is finally obtained, with the aid of equa-
tions (18) and (13):

In the Remolds Number Rd = T? d/v,”” the kinematio
Viscosity V (ma/s) depends-on the temperature and pres-

-.
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-sure. In the case of air, we have for the viscosity n

(kg s/m8) the well-known relation*

10s ~ = 1.712 /1 + 0,003665 t (1 + 0.00080”

where “ v = ~/P md p =~/g=. The temperature

ed from T = p%/R~.

t)=

is comput-

Ue now have to computo the values of Re and ~.
For comparison with previous measurements theso values will
be proaented In the form 1P and log (Rem (fig.
lo). Tho continuous straight line corresponds to the pre-
vious measurements with water according to tho equation

Ija = - 0.8 + 2 log (Rem (equation 4)

(20)
Sinco in the Reynolds liumbor Re the kinematic viscosity
v chqngos approximately at the same rate as tho velocity,
the viscosity remains approximately constant for all veloc-
itloa. Only a change in tho pipe diameter d has any
large effect on Re. In spite of a certain degree of scat-
tering of the points, unavoidable with measurements at such
high air velocities, it is nevertheless evident that the

.* points lle sufficiently close to the “straight line drawn
and hence show that equation (20) may also he applied to
flows with high air velocities in smooth straight pipes.

~LELUWtiWMLUQQo- In addition to the pres-
sure variation along the pipe there was also determined
the veloclty distribution oyer the” end section of the pipe.
3’or this purpose there were measured the total pressure

P with a pressure tube (0.5 mm outer; and 0.3 mm inner
d!ameter), the static pressure p by means of orifices in
the pipe wall, and the initial” state of the flow on enter-
ing the test pipe.

The total pressure p is made up of the static pres--0
sure and the dynamic pressure. The latter arises from the
flow energy through adiabatic compression and represents
the conversion of the pressure drop of a jet escaping free-
ly without friction from a tank, the representation being
exact in the case of velocities below that of sound and
approximate to a certain degree in tho case of velocities
above that of sound on account of the compression shock
sot up in the latter case.

——— .-— ——-——

*See Hutte, 26 edition, vol. 1, p. 354.

I
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li’lgure11 shows the velocity distribution for increas-
~lng pip~,le-ngths in the case of velocities below that of
sound. The ti610c~ty”’”-w, wlilch “is made nondimensional by
division through the ma~lmum velocity W, Is plotted
against y/r where y Is tho distancs from the pipe wall
and r the pipe radius. Since the velqclty distribution
could be measured only at the ends of the pipe, the pipes
were gradually cut off to fixed lengths. The figure shows
that tho velocity distribution becomes ”more tapertng with
increasing pipe length and beyond a length L/d = 36 doos
not vary any longer. The s“ame result was obtained in pre- .
vious tostq on water, so that in this respect there Is an
agreement botwoon the flow of incompressible and compressi-
ble fluids. This result can he confirmed by figure 11
bnl.y for the subsonic region. For the suporsonlc re-=
gion such confirmation is not possible since the superson-
ic velocity, oven at the smallest practically attainable
preosure ratios p/pk * can only occur in very shomrt pipes

on account of the compression shock already mentioned.
For this reason the measurement of the velocity distribu-
tion for supersonic velocities was omitted.

The same figure shows tho velocity distributions for
subsonic velocities plotted as a function of Re for
I/d > 36 as well as two velocity distributions taken from
the measurements of Nlkuradse with water. The test values
fit the Xikuradse values with respect to the Reynolds Num-
bers and show that hero, too, thero is practical agreement.
For the supersonic r~gion the velocity distribution was not
measured since the complete distribution could not be ob-
tainod with the short pipes required for the supersonic
velocities.

& CommreGs Ion shoc~.- Tho setting up of a compression
shock In smooth, straight p~pes is explained by the fact
that the velocity ~nd density of the” gas, with rise in
pressure, vary at different rates, the velocity decreasing
more rapidly than the density Is increasing In the case of
velocities above that of sound. The reverse is true for
velocities below that of sound. 190w the quantity fl.owing
through unit area of Dine cross section ‘is the product of
tho velocity and the ~e~elty,
iE constnnt.

and for a cylindrical pipe,
With supersonic flow.in cylindrical pipes the

preesuro rlsos In the &lrO”ction of flow and from the prop-
erty of the gas, just ment~oned, at any section of the pips
a condition must occur” w~ere the quantity centering the pipe
and determined by the nozzle at the pipe entrance, can no

.

*,., L-
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.

longer flow through for the same flow conditions. Only by
a sudden transition of the flow” to the subsonic state, with
a corresponding decrease in the frictional resistance, can
the flcrr be maintained. This is where the compression
shock arises, No reaction of the disturbance caused by
the pressure jump can occur on the supersonic flow upstream
since the yelocity of the flow is here greater than that
of the disturbance which, as io known, is propagated with
the velocity of sound. The reaction of the subionic in-
terval shows up only in the position of the compression
shock in the pipe.

Figure 12 shows that the position of a compression
shock in a smooth, straight pipe travels in the opposite
direction to that of the flow as the throttling at the end
of tho pipe is increased. For a given throttling condi-.
tion the compression shock stays at a fixed position in
the pipe. The flow downstream of the compression shock
occurs at below sound velocity and changes with chango in
the throttling, whereas upstream of the compression shook
tho velocity is supersonic and entirely independent of the
throttling.

Tho Investigations were carried out with tho plpo ar-
rangement of figure 3, the velocity measuring apparatus at
the end of the pipe being modified Into a throttling device.

III. SUMIKUY

In the foregoing work tho flow conditions in smooth,
straight pipes and at high air velocities are investigat-
ed. A relation iS obtained between the quamtity flowing
through unit area, the pressure gradient nlong tho pipe,
and tho pipQ length.

There is further determined the friction coefficient
h and compared with previous measurements on incompressible
fluids. The result is obtained that for high flow veloci-
ties the laws of I?ilruradse may he applied to compressible
fluids.

The velocity distributions over the cross section of
the pipe were measured with a pitet tube and agree essen-
tially with those previously obtained for incompressible
fluids.
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Finally, there was investigated the behavior of the .
c.o.mpression shock in a smooth cylindrical pipe. The com-
pression hhock dan-occur”-at,-any position in the pipe, de=
pending on the throttling downstream, and travels up-
etreqm with inoreaeing throttling up to the pipe entrance,
eo that thereafter only subsonic velocities occur in the
pipe.

1 Translation by S* Reiss,
l?ational Advigory Oommittee

r.. for Aeronautics.
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